The parity-preserving U (1) × U (1) massless QED3 is proposed as a pristine graphene-like planar quantum electrodynamics model. The spectrum content, the degrees of freedom, spin, masses and charges of the quasiparticles (electron-polaron, hole-polaron, photon and Néel quasiparticles) which emerge from the model are discussed. The four-fold broken degeneracy of the Landau levels, similar as the one experimentally observed in pristine graphene submitted to high applied external magnetic fields, is obtained. Furthermore, the model exhibits zero-energy Landau level indicating a kind of anomalous quantum Hall effect. The electron-polaron-electron-polaron scattering potentials in sand p-wave states mediated by photon and Néel quasiparticles are computed and analyzed. Finally, the model foresees that two electron-polarons (s-wave state) belonging to inequivalent K and K points in the Brillouin zone might exhibit attractive interaction, while two electron-polarons (p-wave state) lying both either in K or in K points experience repulsive interaction.
I. INTRODUCTION
The quantum electrodynamics in three dimensional space-time (QED 3 ) has drawn attention since the groundbreaking works by Schonfeld, Jackiw, Templeton and Deser [1] owing to the viability of taking planar quantum electrodynamics models as theoretical foundation for quasiplanar condensed matter phenomena, such as high-T c superconductors [2] , quantum Hall effect [3] , topological insulators [4] , topological superconductors [5] and graphene [6] . Since then, planar quantum electrodynamics models have been investigated in many physical arrangements, namely, small (perturbative) and large (non perturbative) gauge transformations, Abelian and non-Abelian gauge groups, fermions families, odd and even under parity, compact space-times, space-times with boundaries, curved space-times, discrete (lattice) spacetimes, external fields and finite temperatures.
The pristine graphene, a monolayer of pure graphene [6] , is a gapless quasibidimensional system behaving like a half-filling semimetal where the quasiparticles charge carriers are described by massless charged Dirac fermions. The electron-electron interactions in graphene [7] include electron-polarons [8] scattering processes [9] , where the quasiparticle electron-polaron (or hole-polaron) is formed by a bound state of electron (or hole) and phonon [10] .
In this work a pristine graphene-like planar quantum electrodynamics model, the parity-preserving U (1)×U (1) massless QED 3 , is proposed and introduced as follows. In * Electronic address: wellissonblima@cbpf.br † Electronic address: oswaldo.delcima@ufv.br ‡ Electronic address: emerson.s.miranda@ufv.br
Section II, the model defined by its discrete and continuous symmetries is presented and its spectrum -degrees of freedom, spin, masses and charges of all the quanta particles content of the model -is discussed. In graphene the interactions among the massless fermion quasiparticles (electron-polaron and hole-polaron) are nonconfining, so the vector meson mediated quasiparticles contained in the model, namely the photon and the Néel quasiparticles, must be massive -massless mediated quanta in three space-time dimensions yield logarithm-type (confining) interaction potentials [11] -consequently the asymptotic states for the massless fermion quasiparticles might be determined. Also, similar effect as the four-fold broken degeneracy of the Landau levels experimentally observed in pristine graphene under high applied external magnetic fields is noticed. Next, in Section III, the s-and p-wave Møller (electron-polaron-electron-polaron) scattering amplitudes are computed and their respective interaction potentials obtained and analyzed. Conclusions and final comments are left to Section IV.
II. THE MODEL
The proposed Lorentz invariant model for a pristine graphene-like planar quantum electrodynamics, the parity-even U (1) A × U (1) a massless QED 3 , is defined by the action: where / Dψ ± ≡ (/ ∂ + ie / A ± ig/ a)ψ ± , and any object / X ≡ X µ γ µ . The coupling constants e (electric charge) and g (chiral charge) carry mass dimension 1 2 . The field strengths, F µν = ∂ µ A ν − ∂ ν A µ and f µν = ∂ µ a ν − ∂ ν a µ , are associated to the electromagnetic field (A µ ) and the Néel field (a µ ), respectively. The spinors ψ + and ψ − are two kinds of massless fermions, each of them representing electron-polaron (electron-phonon) and hole-polaron (hole-phonon) quasiparticles, where the subscripts + (sublattice A) and − (sublattice B) are related to their coupling to the Néel gauge field, or alternatively, to the two inequivalent K and K points in the Brillouin zone of a monolayer graphene. Also, the gamma matrices are fixed by γ µ = (σ z , −iσ x , iσ y ).
A. The symmetries: parity and U (1) × U (1)
The CPT-even action (1) is invariant under the following discrete and continuous symmetries:
1. parity symmetry (P ):
2. gauge U (1) A × U (1) a symmetry (δ g ):
B. The spectrum: charges, spin, Landau levels, masses and degrees of freedom
The free Dirac equations associated to massless spinors, ψ + and ψ − , derived from the action (1), read:
i/ ∂ψ + = 0 and i/ ∂ψ − = 0 .
Thus, expanding the spinor field operators ψ + and ψ − in terms of the c-number plane wave solutions of the Dirac equations, with operator-valued amplitudes, a + , b + , a − and b − (annihilation operators), and a † + , b † + , a † − and b † − (creation operators), it follows that:
where ψ ± = ψ † ± γ 0 . Consequently, taking into account (4) and (5)- (6) , and by adopting p µ = (E, p x , p y ) where E = p 2
x + p 2 y , since p µ p µ = 0, the wave functions, u + , v + , u − and v − , are given by:
fulfilling the conditions below:
where
From the microcausality conditions for the massless fermions ψ + and ψ − :
together with the Dirac equations (4) and the normalization conditions (9)- (10), it stems that:
where all other anticommutators vanish and, for the vacuum state |0 , a ± (k)|0 = b ± (k)|0 = 0.
Charges
The quantum operators associated with the internal U (1) A × U (1) a symmetry, namely electric charge (Q ± ) and Néel (chiral) charge (q ± ) operators, are
respectively. Therefore, the electric charges and chiral charges of the asymptotic massless fermion (antifermion) states, |f − ↑ (|f + ↑ ) and |f − ↓ (|f + ↓ ) read:
meaning that the creation operators a † + and a † − create a fermion (electron-polaron) whereas the creation operators b † + and b † − creates an antifermion (hole-polaron). The electron-polaron and hole-polaron electric and chiral charges are displayed in TAB. I.
(Pseudo)spin
Whenever dealing with massless particles in three space-time dimensions, since there is no rest frame, spin cannot be straightforwardly defined, nonetheless, spin (in the generalized sense of a quantum number labelling the representation of the little group [12] ) is still a fundamental quantum number. In the present case of massless fermions, it is verified that
where H (0) ± = α· p (with α = γ 0 γ) is the free Hamiltonian operator associated to the massless spinors, ψ + and ψ − , and L = xp y − yp x is the angular momentum operator. Thus, accordingly to (22) it shall be concluded that 1 2 σ z is the (pseudo)spin operator.
Landau levels
The issue of the (pseudo)spin can also be investigated by computing the quantum Landau levels of the model. Therefore, subjecting this pristine graphene-like system to high external and static magnetic field, B = ∂Ay ∂x − ∂Ax ∂y and A µ = (0, A), somehow inducing within the bulk of the system a static magnetic-chiral field, b = ∂ay ∂x − ∂ax ∂y and a µ = (0, a), the hamiltonians for the both massless spinors, ψ + and ψ − , are respectively given by:
whose spectrum, the quantum Landau levels, reads as follows 1 :
with n being a non-negative integer number, n ∈ N (n = 0, are the (pseudo)spin eigenvalues. It shall be stressed that the result displayed in (25)-(26) mimics the four-fold broken degeneracy effect of the Landau levels experimentally observed in pristine graphene under high applied magnetic fields [14] . Also, it yields from the equations (25)-(26) that the lowest Landau level (n = 0) appears at E + = E − = 0 and accommodates electron-polarons or hole-polarons with only one (s = − 1 2 ) pseudospin eigenvalue, signalizing a possible anomalous-type quantum Hall effect. All other levels n ≥ 1 are occupied by electron-polarons or hole-polarons with both (s = ± 1 2 ) pseudospin eigenvalues. Therefore, this implies that for the lowest Landau level n = 0 the degeneracy is half of that for any other n ≥ 1, likewise, all Landau levels (n ≥ 1) have the same degeneracy (a number of electronpolaron or hole-polaron states with a given energy) but the zero-energy (n = 0) Landau level is shared equally by electron-polarons and hole-polarons, i.e. depending on the sign of the applied magnetic field there is only sublattice A or sublattice B states which contribute to the zero-energy (lowest) Landau level.
Masses and degrees of freedom
For further computation on the electron-polaronelectron-polaron scattering amplitudes, the tree-level propagators in momenta space for all the fields have to be obtained and this can be achieved by switching off the coupling constants e and g in action (1) . Thus, it can be verified that:
From the propagators, ∆ ++ and ∆ −− (27), ∆ µν AA , ∆ µν aa and ∆ µν Aa (28), the tree-level unitarity of the model, so as its spectrum, shall be verified by coupling them to conserved external currents J Φi = (J + , J − , J µ A , J µ a ) compatible with the symmetries of the model. Thereby, the current-current transition amplitudes in momentum space are written as A ΦiΦj = J * Φi (k) Φ i (k)Φ j (k) J Φj (k). Furthermore, picking up the imaginary part of the residues of the current-current amplitudes (A ΦiΦj ) at the poles, it can be verified the necessary conditions for unitarity of the S-matrix at the tree-level -positive imaginary part of the residues of the transition amplitudes,
Res A ΦiΦj > 0 at all the poles -besides the degrees of freedom counting of all the quantum fields presented in the model, Φ i = (ψ + , ψ − , A µ , a µ ). Briefly, it has been concluded [15] that the two spinors, ψ + and ψ − , hold two degrees of freedom -the electron-polaron |f − ↑ (u + ) and the hole-polaron |f + ↓ (v + ) associated to the spinor ψ + , and the electron-polaron |f − ↓ (u − ) and the hole-polaron |f + ↑ (v − ) associated to the spinor ψ − . Moreover, the gauge fields, the electromagnetic field (A µ ) and the Néel field (a µ ), carry each one two massive degrees of freedom with mass µ. Also, the single massless mode in ∆ µν Aa (28) presented in the interaction sector does not propagate, it decouples. Summarizing all results presented above, it is concluded that the parity-even U (1) A × U (1) a massless QED 3 , a pristine graphene-like planar quantum electrodynamics model, is free from tachyons and ghosts at the classical level. Notwithstanding, to guarantee the unitarity at tree-level, it is still necessary to investigate the behaviour of the scattering cross sections by testing the fulfillment of the Froissart-Martin bound [16] in the ultraviolet regime, as also in the infrared limit due to the presence of massless quantum fermions. 
III. THE MØLLER SCATTERING: ELECTRON-POLARON-ELECTRON-POLARON
In order to calculate the scattering amplitudes, so as to obtain the scattering potentials, use has been made of the vertex Feynman rules associated to the interaction vertices −eψ ± / Aψ ± and ∓gψ ± / aψ ± : Υ µ ±± =ieγ µ and υ µ ±± =±igγ µ , respectively. The t-channel in s-and p-wave states of electronpolaron-electron-polaron scattering amplitudes owing to electromagnetic and Néel quanta exchange (see FIG. 1 ) are given by:
with M ±A∓ and M ±a∓ being the scattering amplitudes in s-wave state, whereas M ±A± and M ±a± being those in p-wave state. The three-momenta configuration of the two scattered massless electron-polarons in the center of momenta (CM) reference frame; the incoming momenta, p 1 and p 2 ; the outgoing momenta, p 1 and p 2 , as well as the momentum transfer, k, are defined below
where ϕ is the CM scattering angle, defined as the angle among the directions in the CM frame of the two incoming (initial state) and outgoing (final state) massless electron-polarons.
Assuming the momenta configuration above (33)-(35) and taking into consideration the conditions (7)-(12) on the wave functions u + and u − , the total s-and p-wave Møller scattering amplitudes can be obtained from the partial ones (29)-(32), M ±∓ (|↑ + |↓ → |↑ + |↓ ) and M ±± (|↑ + |↑ → |↑ + |↑ or |↓ + |↓ → |↓ + |↓ ), then it follows that:
where, s, t and u are the Lorentz invariant Mandelstam variables evaluated at the CM frame:
A. The scattering potentials
The two-particle interaction potential for two distinguishable electron-polarons (fermions), 1 and 2, in the tree approximation [22] at the CM frame, reads:
with the product β 1 β 2 being a spinorial factor in the space of the electron-polarons 1 and 2, where β 1 = γ 0 1 and β 2 = γ 0 2 . Also, in addition to that, taking into account only the t-channel part of the electron-polaron-electronpolaron total scattering amplitude (M) evaluated at the CM frame, it follows that
Moreover, in accordance to (29)-(32), (38) and (39), the scattering potentials among two electron-polarons, firstly, in s-wave state -one situated at K point and the other at K point in the Brillouin zone -and secondly, in p-wave state -the both located at either K point or K point in the Brillouin zone -mediated by photon and Néel quasiparticles, can be respectively written as:
where α = γ 0 γ. Thereafter, from (41) it is concluded that, regardless the values of the electromagnetic (e) and the chiral coupling (g) constants, the electron-polaronelectron-polaron interaction in p-wave state (|K +|K or |K + |K ) is invariably repulsive. Nevertheless, drawing attention to (40) it takes in evidence about the possibility of attractive electron-polaron-electron-polaron interaction in s-wave state (|K + |K ) provided g 2 > e 2 . Notwithstanding, in spite of attractive potential be a necessary condition, although not a sufficient one, for the existence of s-wave (K-K ) massless bipolarons bound states, it still remains to verify relativistic conditions similar as the non relativistic massive case [17] -where the non relativistic s-wave attractive scattering potential [18] satisfies the Kato condition [19] , the Newton-Setô and the Bargmann upper bounds [20, 21] -in which s-wave (K-K ) massive bipolarons bound states might be arisen. It shall be also mentioned that the presence of Breit-Darwin-type term α 1 · α 2 in (40) and (41), where in the non-zero gap (mass-gap) graphene-type [17] is of order v1v2 c 2 (in real graphene units v1v2 v 2 F ) and can be therefore neglected at low energies (low speeds), here in the pristine (gapless) graphene-type case, wherein the electronpolarons and hole-polarons are massless, cannot. In summary, it has yet to be investigated in relativistic regime if the attractive (g 2 > e 2 ) s-wave state potential (40) favours massless bipolarons, namely, electronpolaron-electron-polaron or hole-polaron-hole-polaron swave bound states. Furthermore, in order to avoid the continuum dissolution problem [22] , the Dirac equation for the wave function (Ψ) associated to a two-particleinteraction system, H D Ψ = EΨ, has to be rewritten as:
where V ++ = Λ ++ V Λ ++ , with Λ ++ = Λ(1)Λ (2) being the product of Casimir-type positive energy projection operators Λ(i) = 1 2 I + HDi E with H Di = α i · p i (i = 1, 2). Besides that, bearing in mind that at the CM frame
Finally, the question if whether or not, whenever g 2 > e 2 , the attractive s-wave state potential (40) will favour s-wave massless bipolarons (two-fermion bound states) shall be definitively answered by investigating into details the Dirac equation (43), together with necessary and sufficient conditions which guarantee relativistic twoparticle bound states [23] .
IV. CONCLUSIONS
The model proposed, a gapless pristine graphenelike planar quantum electrodynamics model, the paritypreserving U (1) × U (1) massless QED 3 , exhibits twofermion scattering short range non confining potentials originated by two massive vector-mediated quanta, the photon (electric charge) and the Néel (chiral charge) quasiparticle, both stemming from the gauging of the U (1) × U (1) global symmetry. At the tree-level, the absence in the spectrum of tachyons (k 2 < 0) and ghosts ( ψ|ψ < 0) assures respectively, causality and unitarity, at this level. Additionally, the charges of the quasiparticles (electron-polaron, hole-polaron, photon and Néel quasiparticles), their masses, degrees of freedom and (pseudo)spin are determined and discussed. As a byproduct, it is obtained the four-fold broken degeneracy of the Landau levels, reminding those experimentally observed in pristine graphene subjected to high external magnetic fields [14] , moreover, the system presents zero-energy Landau level suggesting a kind of anomalous quantum Hall effect -detailing results and discussions shall appear further [13] .
The p-wave state fermion-fermion (or antifermionantifermion) scattering potential shows to be repulsive (41) whatever the values of the electric (e) and chiral (g) charges. Nevertheless, for s-wave scattering of fermionfermion (or antifermion-antifermion), the interaction potential (40) might be attractive provided g 2 > e 2 . In summary, if two electron-polarons (or hole-polarons) lie in the inequivalent K and K points in the Brillouin zone the interaction might be attractive, otherwise the interaction is always repulsive if those two electron-polarons (or hole-polarons) rest both either in K or in K points.
In view of possible applications of this quantum electrodynamics three space-time dimensional model to pristine (gapless) graphene, or any other planar system, the orders of magnitude of some theoretical parameters have to be estimated. The typical energy-scale in graphene -for instance E = v F | p|, C s = 1 2π (e 2 − g 2 ) or C p = 1 2π (e 2 + g 2 ) -is around meV [6] , while the lengthscale interaction / λ = 2π µc -the reduced Compton wavelength of the quantum-mediated photon and Néel massive quasiparticles -is orders of magnitude in nm [24] .
To end this conclusions, it has already been in progress the prove whether the attractive s-wave state potential (40), provided g 2 > e 2 , could favour s-wave massless bipolarons [23] . The possible emergence of such a kind of Cooper-type electron-polaron-electron-polaron (holepolaron-hole-polaron) condensate draws attention to superconductivity in graphene [25] .
